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Abstract 

We use a recently proposed measure of quantum correlations (work deficit) to measure 
the strength of the nonlocality of an equal mixture of two bipartite orthogonal but locally 
indistinguishable separable states. This gives supporting evidence of nonzero value for a 
separable state for this measure of nonlocality. We also show that this measure of quantum 
correlations places a different order on the set of states, than the good asymptotic measures 
of entanglement. And that such a different order imposed on two states by the work deficit 
and any entanglement measure cannot be explained by mixedness alone. 

Quantum correlations between separated parties can exhibit quite non- intuitive properties. And 
the usual belief was that these non-intuitive properties are due to the entanglement between the 
systems that the parties share. 

It would not have been surprising therefore if even orthogonal multipartite states turned out to 
be indistinguishable if the sharing parties were allowed to operate only locally. However it was 
demonstrated that there exist sets of orthogonal product multipartite states which are indistin- 
guishable if the parties apply only local operations and communicate classically (LOCC) p]|2l|2]. 
This phenomenon of indistinguishability in the case of a complete orthogonal product basis has 
been called 'nonlocality without entanglement' pQ. Further it was shown that any two orthogo- 
nal multipartite states can always be distinguished locally irrespective of the entanglement in the 
states @]. Later on it was also shown that for two nonorthogonal states, the optimal discrimi- 
nation protocols in the inconclusive as well as in the conclusive cases (in certain ranges) can be 
implemented locally 0E]. 

There is another twist to these results. Namely, the three maximally entangled states 

V>i = ^§ (100) + w |11) + u? |22» ,ih = 4= (100) + c 2 |11) + oj |22» , ^ = i= (|01) + 1 12) + |20» 

(where u is a nonreal cube root of unity) in 3 ® 3 are distinguishable locally. But if the third 
maximally entangled state is swapped by the product state |01), the states are indistinguishable 
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locally [Zj. Therefore, not only is there 'nonlocality without entanglement', there appears to exist 
'more nonlocality with less entanglement' [Hj- All these results seem to imply that the concept 
of nonlocality (in the sense of local indistinguishability of orthogonal states) is independent of 
entanglement. 

A set of multipartite orthogonal product states which are not distinguishable locally is clearly 
nonlocal in some sense. It would be interesting to quantify the amount of nonlocality of the set 
But since the states in the set are product, a measure of entanglement cannot be used. The 
average entanglement in any such set is zero. 

Meanwhile it was demonstrated ID] that there exists two orthogonal separable mixed states 
in 2 £g) 2 (p° and p 1 ) which are indistinguishable locally, where p° and p 1 are given by 

and 

p 1 = \p[\mv\+\p 

with -P[|"0)] = \ip) (ip\- Therefore, intuitively speaking, a mixture of p a and p , although separable, 
contains traces of nonlocality. And this leads us to consider, in a quantitative way, the strength 
of the nonlocality that Alice and Bob possess when they share a mixture of p° and p 1 . There has 
been recent works (T21 13] proposing a measure of quantum correlations (or nonlocality), which has 
been indicated to be a broader notion than just entanglement. In fact, it has been argued there 
that an unequal mixture of the pure product states exhibiting nonlocality without entanglement 
PQ would probably have a nonzero amount of this measure of nonlocality. It would therefore be 
interesting to find whether a mixture of p° and p 1 has a nonzero amount of that measure. 

In this paper, we show that an equal mixture of the separable states p° and p , has a nonzero value 
for the measure of quantum correlations proposed in Refs. [121 \1','>\ . when we restrict to one-way 
classical communication. This measure of quantum correlations places a different order on the set 
of states than the "good" asymptotic measures of entanglement. And such different order cannot 
be explained by different amounts of mixedness of the states. 

The proposed measure of quantum correlations (called 'work deficit') for any bipartite state p is 

m 

A(p) = W t -W l . 
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is defined as the amount of 'work' that can be obtained by operations on the whole system. Here 
n = log 2 (dimff), where H is the Hilbert space on which p is defined and S(p) is the von Neumann 
entropy of p. On the other hand, Wi(p) is defined as the amount of 'work' that can be obtained 
if p is acted upon by LOCC. But since one is dealing here with entropies, care must be taken so 
that all entropies transferred via ancillas are accounted for. To maximize the local work Wi, one 
can for example consider the following strategy. Suppose the bipartite state p is shared between 
Alice and Bob. Alice makes the projection measurement on her part of the state p, in some 
orthogonal basis And let the state produced at Bob, when Alice's outcome is \i), be £\ 

That is £ l = <8> IbPabP A ] (8 Ib, where 1b is the identity operator of Bob's part of 

the Hilbert space on which pab is defined. For the outcome \i) in Alice's measurement, the total 
state is transformed into P [\i) A ] ® Cb- We can think of this whole state to be at Bob's side, once 
Alice has communicated her measurement result to Bob. We can therefore be sure of extracting 
an amount of work equal to 



by using the above local protocol, where n A is the dimension of Alice's Hilbert space. One can 
think of other strategies and we refer the reader to Refs. ^J|l3j for a more detailed description. 

As we have already noted, this measure has been proposed to be a broader notion of nonlocality 
than just entanglement and it seems that there could exist separable states which produce a 
nonzero value of this measure of nonlocality. A potential candidate for such an effect could be a 
mixture of p° and p l . For definiteness, we consider the equal mixture of p° and p 1 : 



We see that W t (p) = 2 - 1.81128 = 0.18872 (upto 5 decimal places). To find W t (p), one has 
to optimize over all LOCC protocols. If we restrict ourselves to projection measurements on say, 
Alice's side (without adding any ancilla) and consider only one-way classical communication (from 
Alice to Bob), then the optimization over all such protocols yields 



Wi = 2 - 1.87852 = 0.12148 
The corresponding optimal A is 0.06724, which is positive. However one can consider positive 
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operator valued measurements (POVM) (or what is the same, consider projection measurements 
after adding an ancilla (cf. [I3j)) and there seems to be no indication as to how many outcomes 
should be considered. One may also consider protocols with two-way classical communication. We 
just remark here that the structure of the state p may lead one to believe that a POVM on the 
states |0), |1), (1/V2) (|0) + |1)) and (l/Vl) (|0) - |1)) would be the best POVM for extracting 
the highest local work Wi (and hence optimal A). However this measurement (supplemented 
by classical communication) surprisingly yields a lower value of Wi = 0.09215 than the best 
projection measurement (with one-way classical communication). This seems to indicate that 
projection measurements produce the best value for A when we restrict ourselves to one-way 
communication. This therefore supports the conjecture made in Refs. [121 that there exist 
separable states which exhibit some form of nonlocality, by producing a nonzero value of A ■ 

If the value of work deficit A is indeed nonzero for the state p given in eq. one can make 
interesting comparisons with this measure of nonlocality with other entanglement measures. 

There is an interesting work by Munro et al. QB] trying to find a reason for the different ordering 
being imposed on states by the entanglement of formation |17j and the (maximal) amount of 
violation of Bell inequality [181 1191 1201 (see also 1211 in this regard) . The demonstration of Werner 
|22| that among mixed states there are ones which are entangled and yet do not violate any Bell 
inequality, along with the nonexistence of such a phenomenon for bipartite pure states 23J (see 24J 
however) seems to indicate that mixedness could explain this anomaly. This intuition has however 
the following problem |25| : there are states p\ and p2 such that keeping their entanglement of 
formation (Ep) equal, 

E F (pi) = E F (p 2 ), 

but with 

B{ Pl ) > B( P2 ) 

(B being the amount of violation of Bell inequality) , one can have both 

S( P1 ) > S( P2 ) 

as well as 

S{pi) < S( P2 ), 

where S is either the von Neumann or the linearised entropy Further results were obtained 
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in Ref. [22j. 

If the value of the work deficit A is nonzero for the state p (of eq. QJ), it is possible to make such 
an exercise to see the role played by mixedness in an ordering of states by A and the measures of 
entanglement. 

Let us take 

pi=P[a|00) + |ll>]; p 2 =p 

where ab 7^ 0. 

As pi is always entangled while P2 is a separable state, we have 

E{pi) > E(p 2 ), (2) 

with respect to any measure of entanglement E. Suppose now that the work deficit A for the 
state p2 = p is nonzero, as we had tried to argue in this paper. 

Now for pure states the work deficit is exactly equal to the unique asymptotic measure of entan- 
glement for pure states - And for the class a 1 00) + b |11), this entanglement (and therefore the 
work deficit) ranges continuously from to 1. Therefore there are different examples of the pair 
{pii P2} (for different values of a and b), for which 

A(pi) > A( P2 ) 

as well as 

A( P1 ) < A( P2 ) 

holds. 

But p\ has zero mixedness and so 

S(pi) < S( P2 ) 
with respect to any measure of mixedness. 

Hence a different order between two states as given by their work deficits and the value of any 
entanglement measure cannot be explained by their different amounts of mixedness. 

Note that the preceeding discussion cannot hold for separable states which does not have a nonzero 
value of the work deficit. 
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Note 1: Note here that for eq. J2JI to be true, the entanglement E can be any measure of 
entanglement, asymptotic or non-asymptotic. 

Note 2: The above discussion shows, somewhat surprisingly, that the work deficit of an entangled 
state can be sometimes smaller than the work deficit for a separable state. 

The previous discussion shows that in a specific case, the order of entanglement between two 
states, does not imply any definite order among their work deficit. And the considerations were 
essentially of a restricted nature due to the fact that we were able to consider the work deficit 
only in the situation where one-way classical communication is allowed (see the note added at 
the end). However we will now show that such a consideration can be made generic by extending 
the arguments in Ref. [21], even in the case of asymptotic work deficit under two-way classical 
communication (two-way work deficit). 

Suppose that 



is true for arbitrary states g± and g<i. Here £ denotes any measure of entanglement which is 
defined for all states and reduces to von Neumann entropy of the single-party reduced density 
matrix for pure states. In particular, £ can be any "good" asymptotic measure of entanglement 
(see for example [2H]). And A is now the asymptotic two-way work deficit (where even POVMs are 
considered in the local measurements) . Then following the argument in Ref. [21] (and remembering 
the fact that asymptotic two-way work deficit is equal to von Neumann entropy of local density 
martices, in the case of pure states [E]), one obtains that the condition in eq. Q for arbitrary 
states gi and g 2 , implies that (and also is implied by) 



for all states g. For mixed states, work deficit is potentially a different measure of quantum 
correlations than the measures of "entanglement". In fact, in this paper, we have tried to argue for 
this conjecture. In any case, there are good asymptotic measures of entanglement, which differ for 
mixed states, although they coincide on pure states. For example, distillable entanglement and 
entanglement cost are provably different for certain states [22] ■ Two-way work deficit cannot of 
course be equal to both of them. So there are examples of g and £ for which the relation in eq. (3) 
cannot hold. Correspondingly, there will exist examples of pairs, {gi, g 2 }, for which the relation 
in eq. J3J. 



£(gi) < £(g 2 ) ^ A( gi ) < A(g 2 ) 



(3) 



£{g) = A(g), 



(4) 
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To conclude, we have discussed on the possible nonzero value of a recently proposed measure of 
quantum correlations (work deficit) for an equal mixture of two separable states. These separable 
states are orthogonal (mixed) states (in 2 ® 2) and yet they are locally indistinguishable. The 
discussion gives supportive evidence to the conjecture that there exist separable states which 
possess a nonzero amount of nonlocality We also show that a different order is imposed 

on the set of states by "good" asymptotic measures of entanglement and work deficit. And such 
different order cannot be explained by the different amounts of mixedness in the states. 

Note added: 

After completing this work, we have shown [HOj that the amount of work deficit with one-way 
classical communication (one-way work deficit) for mixtures of Bell states (in 2 ® 2) is additive. 
Therefore the asymptotic one-way work deficit is equal to the single-copy one-way work deficit 
for such states. Furthermore, the optimal value of one-way work deficit for mixtures of Bell 
states, is attained for projection- valued measurements (applied only on the system, i.e., ancillas 
are not required). The equal mixture of two separable states p (of eq. QJ) considered in this 
paper, is a mixture of Bell states upto local unitary transformations. Work deficit (one-way or 
two-way) is invariant under local unitary transformations. Therefore the value of one-way work 
deficit (ss 0.06724) for the state p, obtained in this paper by considering only a single copy of the 
state and optimizing over projection measurements only, is actually the asymptotic work deficit 
by one-way classical communication (where POVMs are also included in the measurement before 
the classical communication). 
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